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ABSTRACT 
In this paper first we construct a functor then we study this functor as well as we investigate this functor associated with fuzzy 
modules. 
In this paper we show that:- 
1.the R-modules and R-homomorphisms form a category, where R be a ring. This category is denoted by ‘CM’; 
2.the fuzzy left R-module and fuzzy R-map form a category. This category is denoted by ‘CF’; 
3.0: 'CM' > 'CF' is an covariant functor; 
4.is also a homotopy type invariant functor. 


Mathematics subject classification 2010: 03E72, 13C60, 18F05. 
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1. INTRODUCTION 
The concept of fuzzy modules was introduced by Nogoita and Ralescu [1] and the category of fuzzy sets was introduced by 
Goguen|[2] in 1967. In this paper we establish the function spaces associated with fuzzy modules. 


To do this we recall the following definitions and statements. 
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Definition 1.1 
Let R be a ring and M be left or right R-module. (M,A) is called a fuzzy left R-module if there is a map 4: M —> [0,1] satisfying the 
following conditions: 
i)  A(a+b) = min{A(a), A(b)},(V a,b eM ) 
ii) A(-a) =A(a) ,V aeM 
iii) AO) = 1 
iv) A(ra) = A(a) (V ae M, reR) 
We write (M,A) by Am 


Definition 1.2 
Let Am and nn be arbitrary fuzzy left R-modules. A fuzzy R-map 


f :4m — nn should satisfy the following conditions. 


i) f:M-—N is an R-map, 
ii) n(f(a)) > A(a), VaeM 


Definition 1.3 
Let fM-—N and pt be a fuzzy subset of N . The fuzzy subset f"(u) of N defined as follows; 
for all x € M, f"(u)(x) = u(f(x) is called fuzzy preimage of u under f. 


Definition 1.4 

A fuzzy submodules of M is a fuzzy subset of M such that 
i)(0) = 1 

ii) u(rx)zu(), V re Rand Vxe M 

ii) Ox+y)> min(w00,n(y)), Vx, y € M 


Definition 1.5 


A fuzzy R-map f e Hom(Am,np) is called fuzzy split iff there exists some 2 © Hom(np,Am) such that fg = i, and of = a 


Definition 1.6 

A category C consists of 

(a) aclass of objects X,Y ,Z......denoted by Ob(C); 

(b) for each ordered pair of objects X,Y a set of morphisms with domain X and range 
Y denoted by C(X,Y); 

(c) for each order triple of objects X,Y and Z and a pair of morphisms f:X — Y and 
g: YZ their composite is denoted by g f: XZ, satisfying the 

following two axioms: 

i) associativity : if f e C(X,Y) and g eC(Y,Z) and h e€ C(Z,W),then 

h(gf) = (hg)f < C(x,W) 

ii) identity : for each object Y in C there is a morphism ly € C(Y,Y) such that if fe C(X%,Y) then lyf =f and if heC(y,Z), then h ly =h. 


Definition 1.7 

Let Cand D be categories. A covariant functor T from C to D consists of 

i) an object function which assigns to every object X of C an object T(X) of D; and 

ii) a morphism function which assigns to every morphism f:X—-Y in Ca morphism 
T(f) : T(X) — T(Y) in D such that 

a)T(Ix) = Ine) 

b)T(gf) = T(g).T(f), for g: Y> WinC. 


Definition 1.8 
A base point preserving continuous map f:X-Y is a homotopy equivalence if there is a base point preserving continuous map 


g:Y>X with g°f = Ix and feg~\y. 


Lemma 1.9 
Let Hom(Am.nn) denotes the set of all fuzzy R-maps from Am to nn, then Hom(Amnn) is an additive group. Moreover, if R is a 
commutative ring, then Hom(Awm,nn) is a left R-modules. 
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Proof: Using [10], it follows. 


Lemma 1.10 
For a commutative ring R, R-modules M and N, Hom(M,N) is an R-module 


Proof: Using [2], it follows. 


Lemma 1.11 
Let Hom(M,N) denotes the set of all fuzzy R-maps from R-modules M to R-modules N, then Hom(M,N) is an R —module, if R is a 


commutative ring 


Proof 
Using definition 1.1 and [7], it follows 


Lemma 1.12 
Given a fixed R-module M, the R-homomorphism f:N-P induces 
a) anR-homomorphism f«:Hom(M,N)>Hom(M,P) defined by f(a) = feo," ae Hom(M,N) 
b) an R-homomorphism f*:Hom(P,M) ~Hom(N,M) defined by f'(B) = Bef,.7 Be Hom(P,M) 
Proof: 
Using [6,7], it follows 


Lemmat1.13 
Let M,N,P be R-modules and f:M—N and g:N-P be R-homomorphisms. 
Then for any R- module A 

i) (gef)*: Hom(A,M) -Hom(A,P) is an R-homomorphism such that 


(g of) = gre fs 
ii) (gef)*: Hom(P,A) >Hom(M,A) is an R-homomorphism such that 


(g°ff=feg 


Proof: 
Using [6,7], it follows 


2. CATEGORIES OF FUZZY MODULES 
In this section we construct some categories associated with fuzzy modules. 


Proposition 2.1 
Let R be a ring and M be left or right R-module. Then R-modules and R-homomrphisms forms a category. This category is 
denoted by ‘CM’ 


Proof: 
We take all left R-modules of ‘CM’ as the set of objects and the set of their R- homomorphisms, the set of morphisms Hom(M,N) 


and for every pair of objects (M,N) and (N,P), the compositions Hom(M,N)xHom(N,P) , denoted by 


(f, 9g) =9g°f, where fe Hom(M,N) and ge Hom(N,P),satisfying the following axioms: 
a) for any object M € obj.’CM’, there exists an identity morphism ImeHom(M,M); 
b) associativity of the composition holds. 


Proposition 2.2 
Let R be a ring and M be left or right R-module. Then fuzzy left R-module and fuzzy R-map forms a category. This category is 
denoted by ‘CF’ 


Proof: 
We take all elements of ‘CF’ as the set of objects and the set of their fuzzy R- maps, the set of morphs Hom(Am,nn) and for 


every pair of objects (Am,nn) and (An,np) ,the compositions Hom(Am,.nn)x Hom(An,np),denoted by eF, g )= ge 1. fF =Go f, where 
fe Hom(mnn) and 
G eHom(An,np), satisfying the following axioms: 
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a) for any object Am © obj.’CM’, there exists an identity morphism Ty eHom(Am,Am) 


b) associativity of the composition holds. 


Proposition 2.3 
Let M and N be arbitrary fuzzy left R-modules. A fuzzy R-map f:M—N is an fuzzy R-homomorphism, then for any fuzzy sub-module S 
of N ,then 

i) — f(Om) = On and f(-x) = -f(x) , VxeM; and 

ii) the set f"(S) = {xeM: f(x) eS}is a fuzzy sub-module of M. 


Proof: 
i) Now f(Om) = f(Om + Om) = f(Om) + f(Om) = f(Om) = On. 
Again f(Om) = f(x + (-x)) = f(x) + f(-x) = On => f(-x) = -f(x). 
ii) Since f(Om) = On €S > Om € f1(S)> f(S) # ®. Let xy € F1(S) > f(x) f(y) eS > 
f(x-y) = f(x) - fly) €S, since S lis a submodule of N => x-y e€ f1(S). Similarly, for re R and xef"(S) , rm € f(S) > f1(S) is a 
submodule of M. Since M is a fuzzy modules and hence by definition 1.1 and 1.4, it follows that f'(S) is a submodule of M. 


Proposition 2.4 

Let CF denotes the category of fuzzy R-modules and fuzzy R-maps and CM denotes the category of R-modules and R- 
homomorphisms, then there exists a covariant functor 

a: CM > CF 


Proof: 
Define 2: CM — CF by 
2(M) = (M.A) = Am, which is the object of CF 
Let M.N are two R-modules in CM and f: MN be R-homomorphisms in CM, then 
A(f) : A(M) —> A(N) in CF. 
(F(a) = a-f1, Vo in A(M) 

i) a (a+b) = min{a(a), o (b)},(V a,b €M ) 

ii) a (-a) =a (a) ,V aeM 

iii) a (0) =1 

iv) a (ra) = a (a) (V ae M, reR) 
Let pin N, then f1(u)00) = p(fOd) => cn FW)O0 = orr( ufOd) = (arn) (FOO) 

=> ata( F(u))(X) = cal p(x) =cc2u(F(x)) 

Thus au a2 Sart! = a2fISA(f)(a1) = ACA) (a2) 
Let f:M—>N and g: N->P are in CM, then A(f) : A(M) > ACN) , 

X(g) : A(N) > A(P) and gof: M—>P arein CM. 
Now (go f):A(M) > A(P) by A(g.f) (a) = a (gf)! = aff. g!) = (aft) gt = (A(A\(a)) g t= A(A\(ag"!) =( A(f) A (g)) (a) are in CF, also 
X(g) ACF) : A(M) > A(P) in CF => 
Ag 0 f) = Ag) A(f). 
Also X(Im) = law => A: CM - CF is a covariant functor 


Proposition 2.5 
Let R be a ring and M be a fixed R- module, then Homr(M.N) is a fuzzy R-module, for any R-module N. 


Proof 
Using Definition 1.1 and [7], it follows. 


Proposition 2.6 

Let R be a ring and M be a fixed R- module, the R-homomorphism f:N-P induces 
i) an fuzzy R-homomorphism f«: Home(M,N) -Home(M,P) and 
ii) an fuzzy R-homomorphism f*: Homa(P,M) -Home(N,M) 


Proof: Using Definition 1.1 and Lemma 1.12, it follows. 
Corollary 2.7 


For any fixed R-module M, the fuzzy R module Homp(M,N) and their fuzzy R-homomorphisms forms category, for any R-module N; 
this category is denoted by ‘CF’ 
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Proof 
Using Proposition 2.6 and Lemma 1.12(a) , it follows 


Proposition 2.8 

‘Hom,’ is a invariant functor in the sense that it is both a covariant and a contravariant functor 

Homer: CM= CM is an invariant functor, for any fixed R-module M. 

Proof: 

Define Homer: CM CF by 

Homae( N) = Homa(M,N), for any fixed R-module M, which is the object of CF. 

Let N,P are two R-modules in CM and f:N- P be R-homomorphisms in CM, then 

Homa( f) = f*: Homa(M,N) > Homa(M,P) in CF and f*: Home(P,M) > Homae(N,M) are well defined mapping and so by Definition 1.1, 
Lemma1.12 and Theorems 2.6, the theorem follows. 


Proposition 2.9 

‘Home’ is a Homotopy type functor in the sense that if 

f is a homotopy equivalence for any two R-modules M and N ,then Homa(f) is a isomorphism 

Proof: 

Since f is a homotopy equivalence for any two R-modules M and N, there exists f:M -N and 

g: N -M such that g.f Im and f. g = In, then Home (f): Homa(P,M) ~Homa(P,N) and 

Home (f): Home(N,P) -Home(M,P) are fuzzy R- homomorphisms, then Home satisfies the following conditions: 
i) f ~ g>Homa(f) = Homa(g) 


ii) g.f~Im = Home(g f) = Homa(lm) = Id. Home(g).Home(f) = Id 
iii) fg In => Homa(f g) = Homa(In) = Id.=> Home(f).Homa(g) = Id 


Thus Home(f) is isomorphic to Home(g) 


Corollary 2.10 
Home is also a Homotopy type invariant functor. 


Proposition 2.11 

All homotopy type invariant functors form a function spaces from category CM to the category CF, it is denoted by F™. 
Proof: 

Using the Theorems 2.8, Theorem 2.9 and Theorem 2.10, it follows. 
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